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ABSTRACT: We develop and solve a new molecular model for nonlinear elasticity of entangled polymer
networks. This model combines and generalizes several succeseful ideas introduced over the years in the
field of the rubber elasticity. The topological constraints imposed by the neighboring network chains on
a given network are represented by the confining potential that changes upon network deformation. This
topological potential restricts fluctuations of the network chain to the nonaffinely deformed confining
tube. Network chains are allowed to fluctuate and redistribute their length along the contour of their
confining tubes. The dependence of the stress σ on the elongation coefficient λ for the uniaxially deformed
network is usially represented in the form of the Mooney stress, f*(1/λ) ) σ/(λ - 1/λ2). We find a simple
expression for the Mooney stress, f*(1/λ) ) Gc + Ge/(0.74λ + 0.61λ-1/2 - 0.35), where Gc and Ge are phantom
and entangled network moduli. This allows one to analyze the experimental data in the form of the
universal plot and to obtain the two moduli Gc and Ge related to the densities of cross-links and
entanglements of the individual networks. The predictions of our new model are in good agreement with
experimental data for uniaxially deformed polybutadiene, poly(dimethylsiloxane), and natural rubber
networks, as well as with recent computer simulations.

1. Introduction

Understanding the molecular mechanisms of rubber
elasticity remains one of the most important unsolved
problems of polymer physics. Numerous attempts to
develop a molecular description of polymer networks in
the last half of a century have been only partially
successful and have left the field with a dozen competing
and often conflicting models. Nevertheless, several of
these models introduce important physical concepts that
describe many aspects of physics of polymer networks.

In this paper, we review what we believe are the most
significant of these concepts and put them together into
a coherent molecular picture of rubber elasticity.

First, we describe the main pieces of this theoretical
puzzlesthe important concepts of the existing theoreti-
cal models. In section 2, we discuss the affine and
phantom models with unconstrained fluctuations of
network chains. The models with constrained chain
fluctuations are reviewed in section 3. We present the
exact solution of the constrained-junction model and
compare it with the approximate solution reported in
the literature. We also review the main ideas of the tube
models. In section 4, we put these pieces of the puzzle
together and propose our new model of rubber elasticitys
the slip-tube model. The predictions of this model are
compared with those of other models and with experi-
ments and computer simulations on uniaxial deforma-
tion in section 5. In section 6, we summarize the main
ideas discussed in this paper. The notations used in this
paper are collected in Appendix A. In Appendix B, we
list the main results of all models discussed in this
paper. In Appendix C, we derive the expression for the
stress in unconstrained and constrained network mod-
els. In Appendix D, we derive the exact solution of the
constrained-junction model.

2. Unconstrained Network Models
2.1. Affine Network Model. All molecular models

of polymer networks are based on the microscopic
picture of the entropic elasticity of chains they are made
of. However, on macroscopic length scales, polymer
networks deform as elastic solids. The simplest way to
connect these microscopic and macroscopic pictures is
to rigidly attach the ends of the chains to an elastic
nonfluctuating background, as sketched in Figure 1.
This elastic background deforms affinely and therefore
this simplest model proposed by Kuhn, Wall, and Flory1

is called the “affine network model”. The affine defor-
mation of the network chains means that the vector X
≡ X2 - X1 between any two points X1 and X2 on this
background changes proportionally to the macroscopic
deformation coefficients {λR}

where R ) x, y, z.
The main goal of this paper is to develop a microscopic

model for calculating the stress in deformed polymer
networks. The stress σRâ is proportional to the change
of the network free energy density F as a result of an
infinitesimal strain εRâ

The strain tensor E describes the additional infinitesimal
deformation of the elastic nonfluctuating background

The elastic free energy of the affine network is the sum
of the free energies of all its chains. The elastic free

X R
0 f XR ) λRX R

0 (1)

σRâ ≡ ∂F
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|
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energy of one chain with ends permanently attached to
the elastic background at points X1′ and X2′ is

where X′ ) X2′ - X′1 is the vector between the points of
attachments, k is the Boltzmann constant, T is the
absolute temperature, and b is the monomer size.
Therefore, the elastic part of the free energy density of
the affine network is the chain number density

times the average free energy of one chain Fch
el (eq 4),

where c is the monomer number density and N is the
degree of polymerization of the network chains.

A bar in eq 6 denotes the averaging over all network
chains.

Substituting eq 3 into the free energy of the affine
network, eq 6, and differentiating it with respect to the
strain tensor εRâ, eq 2, we obtain the expression for the
elastic stress of the affine network

In addition to this elastic part the total stress contains
an additional contribution from the pressure Π.2

Consider a simple case of uniaxial deformation (λx )
λy) with external force applied to the network in the z
direction and no external forces acting in other direc-
tions. The only nonvanishing component of the total
stress is σzz. From the condition of vanishing stress in x
and y directions, σxx ) σyy ) 0, we find the pressure Π
) σxx

el ) σyy
el . Substituting it back into eq 8, we find the

total stress in the network in z direction to be

The elastic stress σRâ
el is proportional to the end-to-

end vector correlation function XRXâ of the deformed
network, eq 7. The bar corresponds to averaging over
all possible ways of attachment of network chains to the
elastic nonfluctuating background at preparation condi-
tions. In the simplest case of forming the network by
end-linking chains in a melt, the end-to-end vector
correlation function for undeformed network is

For a network deformed according to eq 1, the correla-
tion function becomes

Combining eqs 7 and 11, we recover the celebrated
expression for the elastic stress

and using the incompressibility condition λx ) λy ) λ-1/2,
λz ) λ, we find the total stress

of the affine network model. It is important to realize
that in the affine network model the ends of network
chains are directly attached to the elastic nonfluctuating
background and therefore do not fluctuate. In more
realistic network models, these fluctuations are taken
into account and make an additional contribution to the
stress.

2.2. Phantom Network Model. One of the earliest
models that took into account the fluctuations of chain
ends was the “phantom network model” of James and
Guth.3 Instead of connecting the ends of network chains
directly to the elastic background, they were attached
to each other at cross-links (or junctions). Macroscopic
deformation is transmitted to the bulk of the network
through the chains attached to its surface. In this model,
the cross-links in the bulk of the network fluctuate
around their average positions (see Figure 2a). The
magnitude of these fluctuations determines how strongly
the macroscopic deformation of the network is coupled
to the deformation of individual chains. The mean
square fluctuation of the end-to-end vector R around
its average value 〈R〉 depends on the functionality φ of
junctions4,5

As expected, the fluctuations of chain ends decrease
with increasing functionality φ.

The single-chain description of the phantom network
which maps it onto the affine network model was
proposed recently in ref 6. In this description individual
chains are connected to the elastic background through
the effective chains. In the undeformed state (λR ) 1),
the points of attachment of these effective chains to the
elastic background are randomly distributed because of
the randomness of the cross-linking process. Since
effective chains are attached to the nonfluctuating
background, the points of attachment deform affinely
with the network deformations, see eq 1. A network
chain with its two effective chains together define a
combined chain (Figure 2b).

The effective chains control the fluctuations of the
ends of the network chains and represent the way
elasticity is transmitted from macroscopic scales down
to the individual chains. The mean square fluctuations
of the end-to-end vector R of a network chain connected
to the elastic background by two identical effective
chains with the degree of polymerization n each are
equal to6

Figure 1. Affine network model. The ends of the network
chains are attached to the elastic nonfluctuating background,
which deforms affinely with network deformations, eq 1.
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From the comparison of the two estimates of the mean
square cross-link fluctuations, eqs 14 and 15, we find
the dependence of the number of monomers n of effective
chains on the network functionality φ

The phantom network model is therefore equivalent to
the affine network model of combined chains. Each of
these combined chains consists of one network chain and
two effective chains (see Figure 2).

As shown in Appendix C, the expression (eq 7) for the
elastic stress of the affine model can be generalized to
that for the phantom network model and becomes

where

is the concentration of cross-links. The main difference
between the equations for stress in the two models (eqs
7 and 17) is that the correlation function of the non-
fluctuating end-to-end vector of the affine model XRXâ
is replaced by the one of fluctuating end-to-end vector
of the phantom network model 〈RRRâ〉. Angular brack-
ets represent averaging over thermal fluctuations.

The correlation function of the end-to-end vector is
the sum of two correlation functions

In the combined chain model, the average value of the
end-to-end vector 〈RR〉 is proportional to the distance
between the points of attachments of this combined
chain to the elastic background.

The coefficient of proportionality is the ratio of the
number of monomers N of the network chain to the total
number of monomers N + 2n of the combined chain.
The second correlation function in eq 19 can be easily
obtained from eq 15 by realizing that fluctuations of
different components of a Gaussian chain are not
correlated

Combining eqs 17-21, we find the elastic stress of a
deformed phantom network

The concentration of cross-links is µ ) 2ν/φ (eq 18) and
the second term of eq 22 is equal to zero for phantom
networks. This is due to a simple relation (eq 16)
between the number of monomers n in effective chains
and network functionality φ. This term becomes nonzero
in more complicated models (e.g., see eq 30 below).

The correlation function XRXâ of the phantom net-
work model can be obtained from the correlation func-
tion of the affine model by substituting the number of
monomers N + 2n of the combined chain for the degree
of polymerization N in eq 11. The resulting expression
for the stress of the deformed network is

Note that the functional dependence of the elastic stress
on the deformation coefficients {λR} is the same for both
phantom and affine network models, eqs 23 and 12; the
only difference is in the prefactors. The coefficient (1 -
2/φ)ν ) ν - µ in eq 23 is the difference between the
number densities of chains and cross-links. In a more
general case of an imperfect network (with dangling
chains and loops), this coefficient becomes the difference
between the number densities of elastically effective
chains ν and cross-links µ.7,8

Elastically effective are the chains which deform and
store elastic energy upon network deformations and
elastically effective cross-links are those that connect
at least two elastically effective chains.

Note that the variation of the diagonal components
of the strain tensor εRR can be expressed through the
variation of the deformation coefficient, dεRR ) dλR/λR,
and eq 2 for elastic stress takes the form

Substituting eq 23 into eq 25 and integrating it with
respect to λR, we reproduce the famous expression for
the elastic free energy of the phantom network model

Both affine and phantom network models give a very
good qualitative picture of rubber elasticity. But quan-
titative comparison of their predictions with experi-
ments shows that some essential physics is not included
in these models. A long time ago, it was realized that
topological interactions between network chains make
an important contribution to rubber elasticity. Unfor-
tunately, there is no rigorous description of topological

Figure 2. Phantom network model is equivalent to the affine
network model of combined chains. Each combined chain
consists of one network chain and two effective chains.
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entanglements, and different models of polymer net-
works take them into account using different assump-
tions.

3. Constrained Network Models

3.1. Exact Solution of the Constrained-Junction
Model. One of the standard models that attempts to
account for the topological intermolecular interactions
is the “constrained-junction model”.9-14 Entanglements
of a network chain with its neighbors restrict its
fluctuations. In the constrained-junction network, this
effect is modeled by an additional harmonic potential
acting on the cross-links of the phantom network. This
potential reduces the fluctuations of network chains by
restricting the fluctuations of cross-links. The confining
potential can be represented by confining virtual chains
connecting cross-links to the elastic background; see
Figure 3. The points of attachments of these virtual
chains to the elastic background are chosen in such a
way as to keep the Gaussian statistics of network chains
in the preparation condition. The space available for
chain fluctuations changes upon network deformations,
since chains move further apart or closer together. To
take this effect into account, the potential acting on the
cross-links is assumed to change with the deforming
network.

Many large-scale physical properties of polymers are
not affected by the microscopic representation of the
monomers they are made of. For example, chain elastic-
ity of the rotational isomeric state, freely joined, or
lattice models of polymers are identical for chains with
the same Kuhn length and the same number of Kuhn
segments. The only difference between models is ex-
pected in the region of almost fully extended chains
(with R ≈ bN). To define confining virtual chains for
anisotropically deformed networks we consider the
lattice model of polymers. In this model each monomer
can be directed only along one of three major axis, x, y,
or z, of network deformation. Monomers in this model
are located at the lattice sites and numbered (0, 1, ..., s,
..., N) from one end of the chain. The index s corresponds
to the number of bonds in the chain between its
beginning monomer 0 and sth monomer. We would like
to be more specific and count bonds directed along each
of the axes separately. In this case the monomer s would
be characterized by three indexes, sx, sy and szsnumbers
of bonds directed along the x, y, and z axes between the
beginning of the chain (number 0) and the monomer s
) sx + sy + sz. This definition allows one to “split” a
3-dimensional chain into three independent 1-dimen-
sional ones. The R component of the coordinate RR(sR)
of the monomer with indexes (sx, sy, sz) depends only on
index sR. The length of the section of the chain between
monomers 0 and s ) sx + sy + sz, is proportional to the
sum of all three indexes, b(sx + sy + sz). Each of these
indexes sR varies in the interval 0 < sR < NR, where NR

is the number of chain monomers along the axis R, and
the total number of monomers of the chain is N ) Nx +
Ny + Nz. For the unconstrained chain all these numbers
are (on average) equal, N x

0 ) N y
0 ) N z

0 ) N/3, and they
can be different only in the presence of orientational
ordering field of nematic, electric, or topologicalsin our
casesnature.

The new important physical concept introduced in the
constrained-junction model is that fluctuations of virtual
chains representing this effective confining potential
deform affinely with the network.9-14 The amplitude of
fluctuations of Gaussian virtual chains is proportional
to the square root of the number of “virtual” monomers
m. The assumption of the affine deformation of fluctua-
tions implies that the number of monomers along the
axis R of virtual chains changes with network deforma-
tion as

Note that the confining potential is isotropic in the
undeformed state but becomes anisotropic upon aniso-
tropic deformation of the network. This anisotropic
potential is represented by the different number of
virtual monomers mR confining cross-link fluctuations
in different directions.

The elastic stress of the constrained-junction model
has exactly the same form as that in the phantom
model, eq 17. This result can be derived by differentiat-
ing the elastic free energy of both models with respect
to the infinitesimal deformation tensor, eq 2 (see Ap-
pendix C). The same result can be obtained from the
definition of the stress tensor σRâ as the Rth component
of the force acting per unit area perpendicular to the
âth axis.15 It is important to realize that the two
derivations lead to the same expression for the elastic
stress σRâ

el of the constrained-junction model if and only
if the number of monomers in confining virtual chains
changes with deformation of the network as prescribed
in eq 27. This verifies the self-consistency of the
constrained-junction model.

Note that confining virtual chains do not directly
contribute to the stress in eq 17, which is only supported
by network chains. Confining virtual chains only change
the conformations of real network chains and thus, the
distribution function over which the averaging is taken
in eq 17.

An approximate solution of the constrained-junction
model (see Appendix B) was described in a number of
papers10-12 and was later used in several generaliza-
tions of this model.16,17 Below, we present the exact
solution of this model.

The constrained-junction model can be reduced to the
combined chain model consisting of the network chain
and two effective chains. Each of these effective chains
contains nR monomers directed along the R axis. The
total number of monomers in each of these effective
chains is nx + ny + nz. The exact expression for the
number of monomers of the effective chain directed
along the R axis is derived in Appendix D

where nR
| is defined below in eq 29. A simple estimate

of the number of monomers nR of each of these effective

Figure 3. Constrained-junction model. Cross-links of network
chains are connected to the elastic nonfluctuating background
by virtual chains (thin lines).
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3
m0λR
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chains can be obtained from the picture of the parallel
connection of the phantom effective chain with N R

0/(φ -
2) monomers (eq 16) and the confining virtual chain
with mR monomers (eq 27). These two parallel virtual
chains can be replaced by a single effective one with the
degree of polymerization nR

| :

Approximating nR by nR
| ignores the confining virtual

chains attached to other cross-links beside the two at
the ends of the chosen network chain. Below, we will
use the exact expression for nR (eq 28).

The stress of the constrained-junction model in the
combined chain representation is of the identical form
to that of the phantom model, eq 22. The only difference
is the replacement of the numbers of monomers of the
network chains N and of the effective chains n of the
phantom network model by the corresponding numbers
N R

0 and nR of the constrained-junction model.

The correlation function XRXâ of the components of the
vector between points of attachment of the combined
chain to the elastic background is calculated in Ap-
pendix D. In this appendix, it is shown that substitution
of eq D10 into eq 30 leads to the exact expression for
the elastic stress of the constrained-junction model (eq
D19):

where

The exact expression for the free energy of this model
is given in eq D20 of Appendix D.

To compare the exact expression for the stress of the
constrained-junction model, eq 31, with the approximate
one,10-12 we introduce the Mooney ratio of the total
stress σzz ) σzz

el - σxx
el to the functional dependence λ2 -

λ-1 predicted by models with unconstrained fluctuations
of network chains (e.g., affine and phantom network
models):18

In Figure 4, we plot the Mooney ratio, eq 33, for the
exact (eq 31) and for the approximate (see Appendix B)
solutions of the constrained-junction model with func-
tionality φ ) 4. The exact solution is represented by solid

curves while the approximate one is shown by dashed
curves. The numbers next to each pair of curves give
the value of the parameter N/m0, which characterizes
the relative strength of the confining potential. Large
values of this parameter correspond to the network with
junction points strongly coupled to the elastic back-
ground as in the affine network model. In this case the
Mooney ratio approaches νkT. In the opposite case of
very weak confining potential the junction points fluctu-
ate as in the phantom network model and the Mooney
ratio approaches (1 - 2/φ)νkT. Therefore, the affine and
the phantom network models are the two limiting cases
of the constrained-junction model. Although the ap-
proximate solution captures all the main qualitative
features of the exact solution, it deviates from it by
∼20%. Note also that the peak at intermediate values
of the parameter N/m0 is more pronounced in the exact
solution.

The constrained-junction model represents the topo-
logical interactions between network chains by imposing
additional restrictions on the fluctuations of junctions.
In the limit of a very strong topological confining
potential (N/m0 f ∞), the fluctuations of junctions are
completely suppressed. However, even in this case, other
monomers of the chain are not constrained, and there-
fore, their fluctuations are almost unchanged. This is
not a realistic representation of real topological interac-
tions in polymer networks. Another attempt to further
restrict the fluctuations of the chain was made in the
“constrained-chain model”.16,17 In this model, in addition
to topological potentials acting on cross-links, one adds
topological potential acting on the centers of mass of
the network chains. Though this additional potential
further restricts fluctuations of monomers, it is still not
sufficient to represent real topological interactions
between chains.

3.2. Diffused-Constraint Model. An attempt to
make the confining potential affect fluctuations of all
points along the network chain was made in the
“diffused-constraint model”.19 In this model, topological
constraint (confining virtual chain) is applied to a single
monomer of the chain, and the free energy of such a
constrained chain is averaged over all possible locations
of this monomer along the chain. This procedure was
described as “diffusing of constraints so as to include
fluctuations of all such points along the chain” since the
averaging was interpreted as the sum of independent
contributions of many confining virtual chains distrib-

Figure 4. Comparison of exact (solid lines) and approximate
(dashed lines) solutions of the constrained-junction model with
functionality φ ) 4. The numbers correspond to the relative
strength N/m0 of the confining potential.
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uted along the network chain. Unfortunately, this
interpretation is incorrect because it ignores the con-
nectivity of the chain and therefore does not take into
account the correlations between fluctuations of virtual
chains. In fact, the diffused-constraint model describes
a network, each chain of which is connected by only one
confining virtual chain to the elastic background. The
location along the network chain of its single junction
with the virtual chain varies from one network chain
to another one. This single connection with the virtual
chain is not enough to represent topological entangle-
ments, and the diffused-constraint model is analogous
to the constrained-chain and constrained-junction mod-
els.

The approximate solution of the diffused-constraint
model19 is given in Appendix B. The Mooney ratio (eq
33) plot of this approximate solution is compared with
the experimental data of Pak and Flory20 on uniaxially
deformed cross-linked poly(dimethylsiloxane) and with
the predictions of other models in Figure 5. The best fit
of the experimental data (represented by open circles)
by the diffused-constraint model (with fitting param-
eters N/m0 ) 17 and kTν ) 1.34 × 105 Pa) is the dashed
line. The best fit of the elongation part of the data (λ >
1) by the Mooney-Rivlin expression f* ) 2C1 + 2C2/λ
(with fitting parameters C1 ) 2.2 × 104 Pa and C2 )
4.0 × 104 Pa) is the dotted line. The fit of the elongation
part of the data by the nonaffine tube model (see eq 44)
below) with fitting parameters Gc ) 3.7 × 104 Pa and
Ge ) 7.9 × 104 Pa is the dash-dotted line. The solid
line is the fit of all experimental data in Figure 5 by
our new slip-tube model (see eq 60 below) with fitting
parameters Gc ) 4.5 × 104 Pa and Ge ) 6.3 × 104 Pa.
The fit of the experimental data by the diffused-
constraint model is better than that by the Mooney-
Rivlin expression or by the nonaffine tube model,21 but
not as good as that by the slip-tube model. The narrow-
est possible peak predicted by the expression for the
diffused-constraint model (see Appendix B) is at a value
of the parameter N/m0 = 17, but the predicted peak is
still too broad in comparison with experimental data
(and with the prediction of the slip-tube model). A
similar conclusion was reached from the comparison of
these models with six additional sets of experimental

data on uniaxial deformation because of the universal
shape of the data demonstrated in section 5 below.

The main problem with the diffused constrained
model is the same as with the constrained chain and
the constrained-junction models. All of these models
impose only limited constraints on chain fluctuations.
Constrained-junction model restricts fluctuations of
junction points. The constraint chain model restricts
fluctuations of junctions and of the center of mass of
network chains. The diffused constraint model restricts
fluctuations of a single randomly chosen monomer for
each network strand. Thus, all these models can only
represent the crossover between the phantom and affine
limits, as discussed in section 3.1 and shown in Figure
4 for the constrained-junction model. The affine limit
corresponds to a very strong constraining case, and the
phantom limit corresponds to a weak constraining
potential. As is clear from Figure 4, the Mooney function
(eq 33) of these models can only change by a factor of 2
(for φ ) 4) because these models are in the crossover
between the affine and phantom limits. This is the
reason the diffused constraint model changes less than
the experimental data of Figure 5. We conclude that this
model can only provide a reasonable description of
weakly entangled polymer networks.

3.3. Edwards’ Tube Model. The realistic model of
the topological constrains should take into account the
fact that they act along the whole chain and restrict the
fluctuations of all monomers of the chain. The most
successful way of representing these topological en-
tanglements is the “Edwards tube model”.22 In this
model the topological potential is applied to every
monomer of the chain, effectively restricting its fluctua-
tions to a confining tube. In the Edwards tube model,
this potential does not change upon network deforma-
tions and can be represented by confining virtual chains
connecting every network monomer to the elastic back-
ground.6 The degree of polymerization m of these
confining virtual chains is assumed to be independent
of the network deformation. The same effective confin-
ing potential can be represented by shorter confining
virtual chains of m(p) monomers connecting every pth
monomer of the network chain to the elastic back-
ground.6 These confining virtual chains restrict the
fluctuations of network monomers to a tube with the
diameter

where Ne is the degree of polymerization between
entanglements of the network chain. From eq 34, it
follows that the number of monomers of the confining
virtual chains is m(p) = Ne

2/p. In order for the fluctua-
tions of network monomers to be unaffected by this
choice of confining virtual chains, the inequality p e Ne
has to be satisfied. For a qualitative understanding of
this tube model, it is convenient to choose confining
virtual chains with m(p) = Ne monomers and with
points of attachment separated by p = Ne monomers
along the network chain.

Consider the case of a highly entangled network, N/Ne
. 1, with many entanglements per network chain. The
behavior of the entangled strand in the Edwards tube
model can be represented by the combined chain, as
shown in Figure 6. The combined chain consists of an
entangled strand of p real monomers connected to the
elastic nonfluctuating background through two effective

Figure 5. Fit of the data by Pak and Flory20 on cross-linked
poly(dimethylsiloxane) (open circles) by the diffused-con-
strained model (dashed line), Mooney-Rivlin expression (dot-
ted line), nonaffine tube model (dash-dotted line), and the slip-
tube model (solid line).

a = bNe
1/2 = b[pm(p)]1/4 (34)
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chains containing n ≈ Ne virtual monomers. The num-
ber of virtual monomers in the Edwards tube model does
not change upon deformation (n is independent of λ).
The stress in this model can be found by the analogy
with that of the phantom chain model (eq 23)

where the number of monomers between entangle-
ments, Ne, is equal to the degree of polymerization of
the combined chain, Ne ) p + 2n.

Although the Edwards tube model captures the phys-
ics of the continuous distribution of constraints along
the chain, the assumption of deformation-independent
confining potential contradicts both theoretical and
experimental observations. The confining virtual chains
were introduced only to restrict the fluctuations of
network chains and they cannot carry any real stress.
From the microscopic definition of stress, it follows that
eq 35 gives only part of the total stress, carried by real
chains. In the Edwards tube model, the total stress has
an additional contribution from virtual chains, which
is in disagreement with the microscopic picture of stress.
The Edwards tube model predicts strain-independent
Mooney ratio f* (λ-1), eq 33, which is not in agreement
with experiments.

3.4 Nonaffine Tube Model. An accurate estimate
of the free energy of a chain confined to the deformation
dependent tube was made recently in ref 6 within the
framework of the “nonaffine tube model”. This model is
similar to the classical Edwards tube model. Every pth
monomer of the chain is attached to the elastic back-
ground by a confining virtual chain; see Figure 6. There
are two major differences between the two tube models:

1. In the Edwards tube model, the points of attach-
ments of confining virtual chains to the elastic back-
ground are placed along the well-defined contour of the
tube. In the nonaffine tube model, they are randomly
distributed in space in order to guarantee the Gaussian
statistics of the network chain at the preparation
conditions.

2. In the Edwards tube model, the amplitude of
fluctuations of confining virtual chains is independent
of network deformation. In the nonaffine tube model, it
changes proportionally to the network deformation. This
implies that in the nonaffine tube model the number of
monomers of confining virtual chains along the axis R
is mp ) mp

0 λR
2; see eq 27. In Appendix C, we prove that

this is the only possible assumption consistent with the
microscopic definition of the stress tensor.

Both of the above assumptions about the confining
potential are the same as in the constrained-junction
model; see section 3.1. The difference is that in the

nonaffine tube model this potential acts not only on
cross-links but also on every monomer of the network
chains. The stress of the nonaffine tube model in the
highly entangled limit N . Ne is identical to the stress
of the constrained-junction network model with the
functionality φ ) 2. The number of monomers of the
effective chains nR along the axis R can be obtained from
eq 28 by substituting the degree of polymerization of
the constrained-junction network chains N and confin-
ing virtual chains m0 by the number of monomers
between neighboring strands of network chains p and
that of confining virtual chains mp of the nonaffine tube
model

where Ne ≡ 2xpmp. The parameter zR of the nonaffine
tube model can be obtained from eq 32 by a similar
substitution.

The stress of the nonaffine tube model can be obtained
from the stress of the constrained-junction network
model with the functionality φ ) 2 by substituting
parameter zR from eq 37 into eq 31.

The stress (eq 38) can be simplified in the limit p ,
NeλR when confining virtual chains are densely attached
to the network one.

In this limit, the number of monomers along the axis R
of the effective chain (eq 36) becomes

This effective chain has the same number of monomers
as the affine strand of the network chain N R

aff. The size
of the affine strand defines the affine length scale6 along
the axis R

The network deforms affinely as an elastic solid on
length scales longer then RR

aff. On length scales shorter
than RR

aff, the confining potential has very little effect
on conformations of individual network chains. The
amplitude of fluctuations of the affine strand defines
the tube diameter

One of the main results of the nonaffine tube model is
that the tube diameter changes with network deforma-
tion and is anisotropic for the anisotropically deformed
networks. A similar dependence of the tube diameter

Figure 6. Confining tube model. Every pth monomer of the
network chains (intermediate and thick lines) is connected to
the elastic nonfluctuating background by virtual chains con-
taining m monomers each. In the combined chain representa-
tion, the strand of p real monomers is connected to the elastic
background by two effective chains containing n virtual
monomers.

σRâ
el ) kTc

p
p

p + 2n
δRâλR

2 ) kT c
Ne

δRâλR
2 (35)

nR ) 1
6
(xp2 + Ne

2 λR
2 - p) (36)

zR )
xp2 + Ne

2 λR
2 - p

xp2 + Ne
2 λR

2 + p
(37)

σRâ
el ) kTcδRâ(λR

2 - 1)
p2 + Ne

2 λR
2/2

(p2 + Ne
2 λR

2)3/2
(38)

σRâ
el ) kTδRâ

c
2Ne

(λR - 1
λR

) (39)

nR ) 1
6
NeλR ) N R

aff (40)

RR
aff ) λRbxN R

aff = bNe
1/2λR

3/2 (41)

aR ) bxN R
aff = bNe

1/2 λR
1/2 (42)
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on the network deformation was obtained in refs 23 and
24. The fluctuations of the affine strand are confined
by entanglements and therefore the tube diameter aR
along the axis R is equal to the distance between
entanglementssthe size of the deformed strand of Ne

monomers, aR ) (Ne/N aff)RR
aff.

Integrating eqs 25 and 39, we find the elastic free
energy of the nonaffine tube model6

The first term in eq 43 is introduced in order to describe
the contribution due to cross-links (free energy of the
phantom network model, eq 26). The second term in eq
43 is the contribution of entanglements in the nonaffine
tube model. Expression 39 shows that the stress-strain
dependence becomes nonlinear.18 The prediction for the
Mooney ratio (eq 33) of the nonaffine tube model

is in much better agreement with experiments on
uniaxial compression than the Mooney-Rivlin expres-
sion (see Figure 5). Nevertheless, the maximum of the
normalized stress on the Mooney plot predicted by the
nonaffine tube model is not as pronounced as in experi-
ments.21

In the nonaffine tube model, the virtual chains are
permanently attached to the network chains. This
eliminates the possibility of slippage of the network
chain and the redistribution of its monomers along the
contour of the tube. This slippage mechanism leads to
the main modes of stress relaxation in polymer meltss
reptation and tube length fluctuations. It is natural to
expect that the redistribution of chain length along the
tube contour will also be important in anisotropically
deformed highly entangled networks. Below, we modify
the nonaffine tube model to include these degrees of
freedom and demonstrate that the new model is in
better agreement with experimentally measured stress
of uniaxially deformed networks.

4. Slip-Tube Model
The distribution of chain length along the contour of

the tube has been studied within the framework of the
slip-link models.8,25 The major difference between slip-
link and tube models is the assumptions made in these
models about the nature of topological entanglements.
In tube models the confining potential acting on a given
network strand is assumed to be formed collectively by
many neighboring strands. This justifies the use of the
mean field description of topological entanglements
within the framework of tube models. In slip-link models
each entanglement is postulated to be formed by a pair
of chains.

The main idea of the slip-link models is that entangle-
ments, which are permanently trapped by the cross-
linking process, act as slip-links connecting neighboring
chains. These slip-links are allowed to slide along the
contour of the two chains they are linking together. In
the standard approach, the slip-links are allowed to pass
through each other but each of them can slide along the
chain only up to a certain fixed distance. This distance
is treated as an adjustable parameter of the model. If

it is small compared to the average distance between
neighboring slip-links, the slip-links act as chemical
cross-links and the model is reduced to the phantom
network one. In the opposite limit of large sliding
distance, the slip-links pass through each other and the
topological constrains are locally released. For the
maximum allowed sliding distance along the network
chain (equal to the chain length) the slip-link model is
reduced to the phantom network model with pairwise
associating strands.

Below, we combine the ideas of the confining tube and
slip-link models to a new “slip-tube model” of polymer
networks. In the original model of the tube,22 there was
no redistribution of the chain length between different
sections of the tube. The idea of slippage of the chain
along the contour of the tube was proposed by de Gennes
in the reptation model of polymer melts.26 The first
analysis of the redistribution of the stored length along
the contour of the tube was made by Doi in the
framework of the “tube length fluctuation model”.27

Below, we introduce the degrees of freedom correspond-
ing to the slippage of the chain along the tube contour
to the nonaffine tube model6 described in the previous
section.

To allow the network chain to slide along the contour
of the tube, we replace permanent attachment junctions
between virtual and network chains by effective slip-
links. All virtual chains defining confining potential are
thus attached to the elastic background at one end and
have virtual slip-links at the other end; see Figure 7.
The network chain must pass through these slip-links
at the fluctuating end of virtual chains in a fixed order.
These slip-links can freely slide along the contour of the
chain but they are not allowed to pass through each
other. Therefore, the amplitude of slip-link fluctuations
along the contour of the chain in the slip-tube model
depends on the density of these slip-links. This density
is defined as the reciprocal average number of mono-
mers between neighboring slip-links, L/N, where L is
the total number of slip-links per network chain of N
monomers. For a very high density, L ) N, the slip-
links are located at every monomer, and since they are
not allowed to pass through each other, the slippage is
completely suppressed. In this limit, the slip-tube model
reduces to the already discussed nonaffine tube model,
section 3.4. In the opposite physical limit, N/L ) Ne, the
amplitude of fluctuations of a typical monomer along
the contour of the tube is on the order of bxN. In this
limit, there is no confining potential along the contour
of the tube and therefore the amplitude of fluctuations
is the Gaussian size of the network strand. Note that
the same confining slip-tube, but with free boundary
conditions at the ends of the chain, becomes the classical
reptation model with tube length fluctuations.15,27

If the slippage along the tube is forbidden, the elastic
free energy of the nonaffine tube model is split into three

Figure 7. Slip-tube model. Confining potential acting on
network chains is represented by virtual chains attached to
the elastic nonfluctuating background at one end and ending
with slip-links at the other. These slip-links can slide along
the network chain, but cannot pass through each other.Fnaf

el (λ) ) Fph
el (λ) +

ckT

2Ne
∑

R (λR +
1

λR
) (43)

f* (λ-1) ) Gc +
Ge

λ - λ1/2+1
(44)
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independent contributions from the three major direc-
tions of deformation; see eq 43.

This is due to the implicit assumption that the number
of monomers contributing to the network elasticity is
fixed to be the same in all three directions, N x

0 ) N y
0 )

N z
0 ) N/3 and does not change upon deformation. In

anisotropically deformed networks the sections of the
tube oriented in different directions deform anisotropi-
cally. For example, for uniaxial extension, the sections
of the tube oriented in the direction of network elonga-
tion are stretched, while the sections oriented in per-
pendicular directions are compressed. If the slippage
along the tube is allowed, the extra chain length stored
in the compression direction will be pulled out into the
section of the tube in the elongation direction, releasing
part of the stress. For a general network deformation,
the chain slippage redistributes the total number of
monomers N between different directions. In an aniso-
tropically deformed network the three numbers Nx, Ny,
and Nz will, in general, be different, but their sum is
conserved, Nx + Ny + Nz ) N.

We would like to stress again that all features of
network elasticity originate from the entropic elasticity
of chains forming the network. In the framework of the
lattice model, the elastic free energy of a chain of N R

0

monomers along the axis R ) x, y, z is

where RR(sR) is the Rth coordinate of the monomer with
index s ) (sx, sy, sz). In the anisotropically deformed
network the total number NR of chain monomers in a
given direction R is changed due to the slippage, N R

0 f

NR ≡ gRN R
0. We can reassemble these monomers into

groups of gR network monomers each. We will now have
the same number N R

0 of new “renormalized” mono-
mers, each containing gR original network monomers.
The index s′R of a renormalized monomer can be ob-
tained from the one (sR) for the original monomers by

In order for the elastic free energy, eq 46, to be invariant
upon such regrouping of monomers, the size of new
renormalized monomers in the Rth direction should be

This change of the elementary length b of the network
elasticity by the factor of gR

1/2 implies the rescaling of
deformation coefficients

Such renormalization of deformation coefficients has a
simple physical meaning: chains with a larger number
of monomers NR ) N R

0 gR > NR placed in the same
volume will be less stretched (λ′R < λR) than the initial
chain of N R

0 monomers.

Now we can use all the results of the nonaffine
network model of section 3.4 with the above rescaling,
eqs 47-49. Substituting eq 49 into the stress of the
nonaffine tube model, eq 39, we find the following
expression for the elastic stress of the slip-tube model

where ν is the number density of network chains and L
is the number of slip-links per network chain.

The elastic free energy of the deformed network can
be obtained by integrating the stress, eq 50, over λR. The
general solution of differential equations (25) and (50)
has the form

where we added the contribution of the phantom
network, eq 26, and gR should be found from the
minimum of the rhs of eq 51 with respect to gR under
the condition gx + gy + gz ) 3.

The function S{gR} has the meaning of the entropy
of the additional degrees of freedom corresponding to
different allowed positions of slip-links along the chains.
This entropy corresponds to the diffusion of the stored
length “defects” along the contour of the tube in the tube
length fluctuation model.27

To estimate the entropy S{gR} of the slip-tube model,
we note that, on average, the tube changes its direction
at each slip-link. Therefore, we can consider a tube
which can only be oriented along the three major
directions of the deformation. The average number of
tube sections directed along each of these three direc-
tions is Lx ) Ly ) Lz ) L/3. The entropy of an ideal one-
dimensional gas of slip-links that cannot pass through
each other is

The parameters gR can be found from the minimum
of the free energy, eq 51, with respect to gR. Taking the
condition gx + gy + gz ) 3 into account by the Lagrange
multiplier method, we find the analytical solution for
small deformation |λR - 1| , 1:

As follows from eq 53, an isotropic swelling does not lead
to chain slippage along the tube. For small deformations
of an incompressible network, eq 53 becomes gR - 1 )
6(λR - 1)/7. Substituting it into eq 50, we find the elastic
stress

where the phantom and entanglement contributions to
the elastic modulus of the network are
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Substituting eq 54 into the definition of the Mooney
ratio (eq 33), we find

Note that this relation is of general applicability and
does not rely on any details of entanglement model.

In the case of uniaxial deformation (λx ) λy ) λz
-1/2,

λz ) λ), we have gx ) gy ) (3 - gz)/2. Minimizing the
free energy, eq 51, with respect to gz, we find the
following equation for the redistribution parameter gz
of chain length between different directions:

The solution of this equation defines a universal func-
tion gz(λ), which is shown in the insert in Figure 8. For
the undeformed network λ ) 1, there is no redistribution
of chain length between different directions and gz(1)
) 1. In the case of strongly compressed network, λ , 1,
the redistribution parameter vanishes quadratically in
λ as gz(λ) ≈ 3.5λ2, and all of the chain length is stored
only in the plane perpendicular to the direction of
compression, Nx ) Ny = N/2. In the case of strong
stretching, λ . 1, the chain is pulled out from perpen-
dicular directions into the stretching one, and the
parameter gz ) 3Nz/N approaches 3 hyperbolically in λ
as gz(λ) ≈ 3 - 4.7/λ. Substituting these limiting values
(gz(0) ) 0 and gz(∞) ) 3) into eq 50, one finds the
asymptotic behavior of the entanglement part of the
Mooney ratio, eq 33, in the two limits

For any finite value of λ, eq 57 can be solved
numerically for gz(λ) (see insert in Figure 8). Substitut-
ing this solution of gz(λ) into eq 50 and adding the
contribution of the phantom network, eq 23, we find the
exact solution for the stress of the slip-tube model. The
results can be represented in the form of the Mooney
ratio, eq 33. The normalized entanglement part (f*(λ-1)
- Gc)/Ge of the exact solution of the slip-tube model is
shown as solid line in Figure 8. This exact solution is
well approximated in the interval 0.1 < λ < 10 by a

simple analytical expression (dashed line in Figure 8).

Note that this analytical appoximation (eq 59) of an
exact soltion is consistent with eq 56. We would like to
point out that there are no adjustable parameters in
the theory besides the two physical moduli Gc and Ge.
The three coefficients in eq 59 were chosen to obtain
the best analytical approximation of the exact solution
and are not adjustable parameters of the model (see
Figure 8). Both exact numerical solution of the slip-tube
model and its simple analytical approximation allow one
to separate the phantom and entanglement contribu-
tions of the Mooney function f*(λ-1).

The network deformation factor λ enters only in the
entanglement part of expression 60. This enables one
to analyze the experimental data in the form of the
universal plot as will be demonstrated in section 5
below.

5. Universal Plot
As can be seen from Figure 5, the prediction of the

slip-tube model (solid line is a fit by eq 60) is in very
good agreement with uniaxial deformation experiments
on poly(dimethylsiloxane) (PDMS) networks (open
circles).20 Note that our slip-tube model captures both
the shape and the location of the peak in the Mooney
plot (Figure 5) much better than the nonaffine tube
model (dash-dotted line) and better than the diffuse-
constraint model (dashed line).

Quantitative comparison between the nonaffine tube
model and the experimental results on uniaxial exten-
sion of polybutadiene networks28 was carried out in ref
6. We fit these data with our new slip-tube model and
find an even better agreement. Unfortunately, this set
of data covers a limited range of uniaxial elongations
0.75 j λ j 0.95. Experimental data covering almost 2
decades of uniaxial deformations of PDMS networks and
natural rubber20,29,30 are compared with the slip-tube
mode (eq 60) in Figure 9. The models captures the main

Figure 8. Comparison of the exact solution of the slip-tube
model (solid line) for the entanglement part of the Mooney ratio
with the approximate expression given in eq 59 (dashed line).
The redistribution parameter gz of the stored length between
different directions of deformation decreases monotonically
with reciprocal deformation 1/λ as shown in the insert.

Figure 9. Mooney plot of the comparison of the experiments
on uniaxial deformation with the slip-tube model (solid
lines): (9, fitting parameters Gc = 1.77 × 105Pa and Ge = 1.77
× 105Pa, and (, Gc = 8.9 × 104Pa, Ge = 8.1 × 104Pa) natural
rubber networks;30 (1, Gc = 6.9 × 104Pa, Ge = 7.5 × 104Pa, 2,
Gc = 4.4×104Pa, Ge = 6.8 × 104Pa,29 and b, Gc = 4.3 × 104Pa,
Ge = 4.8 × 104Pa20) PDMS networks.
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features of experimental data including the position and
the width of the peak of the Mooney ratio.

The approximate solution of the slip-tube model (eq
60) suggests a useful comparison between the theory
and experimental data in the form of a universal plot.
The approximate solution consists of two parts: the
modulus of the phantom network, Gc, and the universal
entanglement function. Universal plot can be obtained
by subtracting the phantom modulus Gc from the
Mooney function f* and dividing the difference by the
entanglement modulus Ge. The best collapse of all the
data to the universal curve gives a pair of adjustable
parameters Gc and Ge for each network. Variations of
entanglement moduli from sample to sample could be
related to different amounts of trapped entanglements
and network imperfections.

The result of this procedure is shown in Figure 10.
Besides the five sets of data from Figure 8, we added
an additional set of data for PDMS networks20 presented
in Figure 5. In addition to these six experimental data
sets, we included three data sets obtained by computer
simulations of uniaxially deformed networks with strands
containing N ) 35 monomers (0), N ) 100 (+), and N
) 350 (×).31 All nine data sets consisting of six experi-
mental and three numerical sets collapse very well onto
a single theoretical universal plot of eq 59 (solid line in
Figure 10). Deviations from this universal curve are
smaller than fluctuations within each individual set of
data. Results of recent computer simulations of Chen,
Cohen, and Escobedo32 also agree well with the univer-
sal curve. The excellent agreement between the theory,
experiments, and simulations demonstrates that the
slip-tube model captures the essential physics of rubber
elasticity.

6. Conclusions

In the present paper, we have developed a new
molecular model of rubber elasticity. This model incor-
porates the main successful ideas of several classical
theories of polymer networks:

1. Affine Network Model. The main idea of this
model is that macroscopic deformations of polymer
networks are transmitted to individual chains through
the affinely deformed nonfluctuating elastic background.
In the simple affine network model, the ends of the
individual chains are permanently attached to this
elastic background; see Figure 1.

2. Phantom Network Model. This model takes into
account the fact that junctions of network chains are
not fixed in space but fluctuate around some average
positions. Macroscopic deformations are not transmitted
directly from the elastic background to these network
chains but rather through a softer potential that can
be represented by effective chains. Therefore, the mul-
tichain phantom network model is equivalent to the
affine model with a single combined chain consisting of
one network strand and two effective chains connecting
its ends to the elastic nonfluctuating background; see
Figure 2.

3. Constrained-Junction Model. The effect of
topological interactions between neighboring network
chains can be represented by a constraining potential
acting on some monomers of these chains. In the
constrained-junction model this confining potential acts
only on junction points and can be modeled by additional
virtual chains connecting these junction points to the
nonfluctuating elastic background; see Figure 3. A very
important concept introduced in the constraint-junction
model is that the confining potential changes with the
network deformation. Therefore, the fluctuations of these
virtual chains change affinely with the network defor-
mation; see eq 27.

4. Edwards Tube Model. Topological constraints of
neighboring chains are imposed not only on junctions
but all along the contour of the network strand. In the
Edwards tube model, these topological constraints are
represented by the topological potential acting on all
monomers of the network. This potential restricts
fluctuations of network monomers to the confining tube
and can be represented by virtual chains connecting
network monomers to the elastic nonfluctuating back-
ground; see Figure 6.

5. Nonaffine Tube Model. This model combines the
main ideas of the constraint-junction and the Edwards
tube models. As in the Edwards tube model, the virtual
chains are connecting many monomers of the network
strand to the nonfluctuating elastic background. As in
the constrained-junction model, the points of attach-
ments of the virtual chains to the nonfluctuating elastic
background are randomly scattered in space to guar-
antee the Gaussian statistics of network chains in the
preparation conditions. As in the constrained-junction
model, fluctuations of virtual chains change affinely
with network deformations. In Appendix C, we demon-
strate that this is the only possible assumption consis-
tent with the microscopic definition of the stress tensor.

We build upon all the above ideas and introduce the
new Slip-Tube Model. In this model, the junction
points between network chains and virtual chains are
replaced by slip-links attached to fluctuating ends of
virtual chains. These slip-links are allowed to slide along
the contour of the network chains but are not allowed
to pass through each other (Figure 7). This model
accounts for the redistribution of stored length along
the confining tube.

The predictions of the slip-tube model are in very good
agreement with the experimental data on uniaxial
deformation of polybutadiene, PDMS, and natural rub-
ber networks, as well as with numerical simulations.
In agreement with predictions of the slip-tube model,
six different sets of data for PDMS and natural rubber
networks and three data sets from computer simulations
collapse onto a single universal curve. A more quantita-
tive comparison between the molecular parameters of

Figure 10. Universal plot for the reduced stress in uniaxially
deformed networks. Symbols of the experimental data sets are
the same as in Figures 5 and 9. Three additional data sets
are from computer simulations31 of end-linked networks with
N ) 35 monomers (0), N ) 100 (+), and N ) 350 (×).
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the slip-tube model and experiments requires a more
systematic study of well-characterized polymer net-
works. We hope that this study will be carried out in
the near future. In addition, a detailed comparison of
the predictions of the slip-tube model with specific
parameters of computer simulations of deformed poly-
mer networks will allow further tests and refinements
of our model.
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Appendix A. Index of Notations

〈...〉 averaging over thermal fluctuations
... averaging over all network chains
a tube diameter of the Edwards tube model,

eq 34
aR R-component of the tube diameter of the

network deformed by factor λR

B function defined in eq B5
b monomer size
b′R ) bgR

1/2 size of monomeric units consisting of gR real
monomers; see eq 48

C(k1, k2) correlation function of the coordinates of
attachment points of confining virtual
chains on the Cayley tree; see eq D8

c monomer concentration
D function defined in eq B5
F network free energy density; see eq 2
Faf

el elastic free energy density of the affine
network model, eq 6

Fch
el elastic free energy density of a Gaussian

chain, eq 4
Fcj

el elastic free energy density of the con-
strained-junction model, eq D20

Fnaf
el elastic free energy density of the nonaffine

tube model, eqs 43 and 45
Fph

el elastic free energy density of the phantom
network model, eq 26

Fst
el elastic free energy density of the slip-tube

model, eq 51
f*(λ-1) Mooney ratio; see eqs 33 and B1
gR ) NR/NR

0 redistribution parameter of chain length
along the axis R; see eq 48

Gc phantom modulus
Ge entanglement modulus
ik ) 1, ...,

φ - 1
index of the branch of the kth generation

of the root Cayley tree
K(λR) ) σRR diagonal component of the stress for uniax-

ially deformed network; see eq B1
k Boltzmann factor
L total number of slip-links per network

chain
LR number of tube segments per network

chain directed along the axis R; see eq
52 (on average LR ) L/3)

mR ) m0λR
2/3 number of monomers along the axis R of

confining virtual chains in the network
deformed by factor λR; see eq 27

m0 number of monomers of confining virtual
chains in undeformed network

m(p) number of monomers along any axis of
confining virtual chains in the nonaffine
tube model for undeformed network (for
the Edwards tube model it does not
change upon deformation)

mR(p) )
m(p)λR

2
number of monomers of confining virtual

chains along axis R in the nonaffine tube
model for the network deformed by factor
λR

N number of monomers of the network chain

NR
aff number of monomers in the affine strand

of the network chain; see eq 40
Ne number of monomers between entangle-

ments

NR ) gR NR
0 number of chain monomers directed along

major axis R of the network deformation

NR
0 number of chain monomers directed along

the axis R in undeformed network (on
average NR

0 ) N/3)
Nch total number of network chains
Ncr total number of network cross-links
N(k1, k2) total number of paths that begin and end

at k1th and k2th generations of the left
and right Cayley trees, respectively; see
eq D7)

n number of monomers of effective chains in
the combined chain model for the phan-
tom network, see eq 16)

nR number of monomers along axis R of effec-
tive chains in the combined chain model
for the network deformed by factor λR;
see eq 28

nR
| parameter introduced in eq 29

PN(R) end-to-end correlation function of Gaussian
chain of N monomers, eq C2

p number of monomers along any axis be-
tween neighboring points of attachments
of confining virtual chains to the network
chain

q parameter introduced in eq D9
R end-to-end vector of network chain
Rk coordinate of kth cross-link in the network

deformed by factor λ
R′k coordinate of kth cross-link in the network

deformed by factor λ and 1 + E
RR

aff R-component of the affine length; see eq 41

RR(sR) coordinate of sRth monomer along axis R
sR index of the monomer directed along the

axis R (in the lattice model)
S{gR} entropy of slip-links in the slip-tube model;

see eq 52
T temperature
X ) X2 - X1 the vector between two points of attach-

ments of confining virtual chains to the
elastic nonfluctuating background in the
network deformed by factor λ; see eq 1

X′ the vector between two points of attach-
ments of confining virtual chains to the
elastic nonfluctuating background in the
network deformed by factors λ and 1 +
E; see eq 3

Xi points of attachments of confining virtual
chains to the elastic nonfluctuating back-
ground

X i
0 points of attachments of confining virtual

chains to the elastic nonfluctuating back-
ground in undeformed network
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Xi1...ik-1

R,L points of attachments of confining virtual
chain on the kth generation of right (R)
or left (L) root Cayley tree

Xi1...ik-1

cR,L points of attachments of effective chain on
the kth generation of right (R) or left (L)
root Cayley tree; see eq D4

z, zR parameters introduced in eqs B3 and 32
V the volume of the network deformed by

factors λ
V′ ) V

det(1 + ε)
the volume of the network deformed by

factors λ and 1 + E
R,â,γ ) x, y, z components of the Cartesian coordinate

system (major axes of network deforma-
tion)

δRâ Kronecker delta function
∆R )

R - 〈R〉
fluctuations of the end-to-end vector R of

a network chain
E infinitesimal strain tensor with compo-

nents {εRâ}
εRâ component of the infinitesimal strain ten-

sor E
θ fractional distance along the chain in the

diffused-constraint model; see eqs B6
and B7

κ parameter characterizing the strength of
constraints in the constrained-junction
model; see eq B5

κ(θ) function of the fractional distance θ in the
diffused-constraint model; see eq B7

λ deformation vector with components {λR}
λR coefficient of network deformation along

the major axis of deformation (R ) x, y,
z)

λ′R ) λR gR
1/2 renormalized because of the slippage coef-

ficient of network deformation along the
R axis; see eq 49

µ ) 2c/(φN) number density of cross-links
ν ) c/N chain number density
Π pressure; see eq 8
σRâ component of the stress tensor σ; see eq 2
σRâ

el component of the elastic stress tensor σel

φ functionality of network cross-links

Appendix B. Summary of Models of Rubber
Elasticity

The Mooney ratio, eq 33, has the form

where K(λ) is the model dependent function:
Exact Solution of the Constrained-Junction

Model

where

Approximate Solution of the Constrained-Junc-
tion Model

where B′ ≡ ∂B/∂λ2, D′ ≡ ∂D/∂λ2, and

Approximate Solution of the Diffused-Con-
straint Model

where the functions B(θ) and D(θ) defined in eq B5 with
the substitution of κ(θ) for the parameter κ:

Nonaffine Tube Model

Slip-Tube Model

Appendix C. Derivation of the Stress Tensor
C.1. Phantom Network Model. The elastic contri-

bution to the partition function of the phantom network
model is

where the product is over all network chains and PN is
the end-to-end correlation function of Gaussian chain
of N monomers

The integration in eq C1 is only over the coordinates
{R′k} of cross-links in the volume V′ of the network.
The chains are permanently attached to the surface at
the boundary and points of attachments X′R change
affinely with the network deformation; see eq 3. It is
convenient to introduce new integration variables Rk
in eq C1, R′k f Rk, where by analogy with coordinates
of the elastic background, eq 3, we have

In these new variables the integration volume V does
not depend on the strain tensor E. Substituting eqs C2
and C3 into eq C1, we find

K(λ) ) kTνλ2[1 - 2
φ

+ 2
φ( BB′

1 + B
+ DD′

1+D)] (B4)

B )
κ

2(λ2 - 1)

(λ2 + κ)2
, D ) Bλ2

κ
, κ ) N

m0
φ - 1

φ(φ - 2)
(B5)

K(λ) ) kTνλ2[1 - 2
φ

+ 2
φ
∫0

1
dθ(B(θ)B′(θ)

1 + B(θ)
+

D(θ)D′(θ)
1 + D(θ) )] (B6)

κ(θ) ) N
m0

φ - 1
φ(φ - 2)[1 +

(φ - 2)2

φ - 1
θ(1 - θ)] (B7)

K(λ) ) kTν(1 - 2
φ)λ2 + kTc

Ne
(λ - 1

λ) (B8)

f*(λ-1) ) kTν(1 - 2
φ) + kTc

Ne

1
0.74λ + 0.61λ-1/2 - 0.35

(B9)

e-F ph
el /(kT) ) ∏

k
∫V′

dR′k ∏
kl

PN (R′l - R′k) (C1)

PN (R) ) ∏
R

( 3

2πNb2)1/2

exp(-
3RR

2

2b2N
) (C2)

R′kR ) RkR + ∑
â

εRâRkâ (C3)

f*(λ-1) )
K(λ) - K(λ-1/2)

λ2 - λ-1
(B1)

K(λ) ) kTν(λ2 - 1)(1 - z
1 + z)2 1 + z2(φ - 1)

1 - z2(φ - 1)
(B2)

z ) 2/[φ + N
m0λ2

+ xx(φ - 2 + N
m0λ2)2

+ 4N
m0λ2 ]

(B3)
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where Nch is the total number of network chains and
the number of cross-links is Ncr. The energy of a given
configuration {Rk} is

Differentiating the elastic free energy of the phantom
network, eq C4, with respect to the components of the
strain tensor, eq 2, we arrive at eq 17 for the stress
tensor of the phantom network.

C.2. Constrained Models. Consider a network in a
shape of a rectangular box with undeformed dimensions
lx
0, ly

0, lz
0. If the network is deformed by factors λ, its

dimensions become lR ) λRlR
0 along axes R. It is conve-

nient to use a generalization of the continuous Edwards
model of the network8 with the partition function

Here Ri(s) is the coordinate of sth monomer of the chain
i, and the sum over i is over all network chains. The
elastic energy of network chains is

and the energy of monomer interaction with excluded
volume parameter v is given by

In contrast to the Edwards model, where the integration
over R is restricted only by boundaries of the box, in eq
C6 the integration is over the region in conformation
space, allowed by topological restrictions.

Since λ enters into eq C6 only implicitly, through the
boundary conditions, this expression cannot be directly
applied to calculate the stress

To get explicit dependence of the free energy on λ, we
change variables RR ) λRRR

0 in the integral over R in eq
C6 and get

The factor (λxλyλz)N
tot is the Jacobian of the transforma-

tion R f R0 and Ntot is the total number of monomers.
In the derivation of eq C10, we used the equality

Obviously, this affine transformation does not change
the topologically allowed region. Since the boundary
conditions in eq C10 do not depend on λ, after substitu-
tion of eq C10 into eq C9 we have to differentiate only
the integrand in eq C10. Substituting RR

0 ) RR/λR in the
resulting expression and using eq C11, we reproduce
the well-known Edwards expression for the stress of the
network15

Here, the averaging is only over the topologically
allowed region with the weight defined in eq C6. As
claimed in ref 15, the factors NkT and 〈U{R}〉 can be
dropped from eq C12 for the incompressible network,
since they only lead to isotropic renormalization of the
pressure.

In this paper, we model topological restrictions by
anisotropic virtual chains of yet unknown number mR
of monomers. Virtual chain k is attached to the network
chain i at points sk and is connected to an elastic
nonfluctuating background at Xk. This background
deforms affinely with the network, XkR ) λRX kR

0 . The
free energy of such a network model is

where the integration is over all monomer coordinates
Ri(s) inside the box with sizes lxlylz occupied by the
network (no restrictions due to network topology, as in
eq C6). Ev{R} is the energy of virtual chains

In the case of a nonaffine tube model, the positions of
attachment points of virtual chains {sk} along the
network chains are fixed. In the case of our new slip-
tube model the elastic energy Fch

el {R} of chains is given
by eq 46, and one has to take additional integration of
the partition function given by eq C13 over {sk} under
the condition ... < sk < sk+1 < .... Let us find mR from
the condition that eqs C9 and C13 should reproduce
exact Edwards expression for the stress, eq C12.

Changing variables, RR ) λRRR
0 in eq C13, we get

Substituting this expression into eq C9, we find

δ(Ri(s) - Rj(s′)) ) 1
λxλyλz

δ(Ri
0(s) - Rj

0(s′)) (C11)

σRR ) ∑
i

3kT

b2
∫ ds 〈(∂RiR

∂s )2〉 - NtotkT - 〈U{R}〉

(C12)

e-F(λ)/(kT) ) ∫lxlylz
DR exp(e-[Fch

el {R} + U{R} + Ev{R}]/(kT))
(C13)

Ev{R} ) kT ∑
k

∑
R

1

2b2mR

[RiR(sk) - XkR]2 (C14)

e-F(λ)/(kT) ) ∫lx
0l y

0 lz
0
DR0 ×

exp{- ∑
R

3λR
2

2b2
∑

i
∫ ds (∂RiR

0

∂s )2

-
1

λxλyλz

U{R0}

kT
-

∑
k

∑
R

λR
2

2b2mR

[RiR(sk) - XkR]2} (C15)

e-F ph
el /(kT) ) (2πNb2/3)-Nch/2[det(1 + ε)]Ncr ∏

k

∫V
dRk e-E{Rk}/(kT) (C4)

E{Rk} )
3kT

2b2N
∑
kl

∑
Râ

(δRâ + 2εRâ + ∑
γ

εRγεâγ)RklRRklâ

(C5)

e-F(λ)/(kT) ) ∫lxlylz
DRe-[F ch

el {R} + U{R}]/(kT) (C6)

Fch
el {R} )

3kT

2b2
∑

i
∫ ds(∂Ri

∂s )2

(C7)

U{R} )
vkT

2
∑
ij
∫ ds ds′ δ(Ri(s) - Rj(s′)) (C8)

σRR ) λR
∂F(λ)
∂λR

(C9)

e-F(λ)/(kT) ) (λxλyλz)
Ntot∫lx

0l y
0 lz

0
DR0 ×

exp[- ∑
R

3λR
2

2b2
∑

i
∫ ds (∂RiR

0

∂s )2

-
1

λxλyλz

U{R0}

kT ] (C10)

Macromolecules, Vol. 35, No. 17, 2002 Elasticity of Polymer Networks 6683



Comparing eqs C12 and C16, we find the differential
equation

which has a general solution

The constant of integration, m0, cannot be derived from
such consideration and should be considered as a
phenomenological parameter. Inspection of eq C16
shows that if the number of monomers of virtual chains
differs from that given by eq C18, there is an additional
contribution to the stress from phantom virtual chains.33

Because of the generality of our microscopic network
model, eq C6, we do not see any physical reasons for
such contribution.

Appendix D. Combined Chain for
Constrained-Junction Network Model

A combined chain consists of a network chain and two
combined virtual chains permanently attached to the
nonfluctuating elastic background. To simplify notations
we consider a one-dimensional problem, which corre-
sponds to any of the principal directions of deformation,
R ) x, y, z and will drop the index R. Let us calculate
the number of monomers n and the positions of attach-
ment points X cR and X cL of right (R) and left (L) effective
chains. The chains can be considered as a branched
polymer on a Cayley tree with all of its cross-links
connected through the confining virtual chains of m )
m0λ2/3 monomers (eq 27) to the nonfluctuating back-
ground. As shown in Figure 11, the right effective chain
can be considered as the result of the parallel connection
of one confining virtual chain to φ - 1 chains of N/3 +
n monomers. The end of the virtual chain is attached
to the elastic background at position λX R, and each of
φ - 1 chains is attached to the background at points
X i

cR (i ) 1, ..., φ - 1). The elastic energy of such
connection can be written as

where x is the current coordinate of the connection point
and the constant term does not depend on x. Equating
the quadratic terms on both sides of eq D1, we get the
following expression for the number of monomers in the
effective chain

The solution of this quadratic equation is given in eq
28.

Equating the terms linear in x on both sides of eq D1,
we find

The recurrence relation for the coordinates X i1...ik-1

cR of
attachment points of the effective chain on kth genera-
tion of the root Cayley tree (ik ) 1, ..., φ - 1 is the index
of the branch of the kth generation) can be found by
the analogy with eq D3:

The solution of eqs D3 and D4 can be represented in
the form of the infinite series

where the internal summation is over all (φ - 1)k-1

branches on the kth generation of the root Cayley tree.
Note that X cR varies nonaffinely with the network
deformation since the coefficient z depends on λ. An
analogous expression for the coordinate of attachment
point of the left effective chain X cL is

To calculate the correlation function (X cR-X cL)2 we
consider two symmetric paths on two connected Cayley
trees, which start at k1th and k2th generations of the
left tree and end at the corresponding generations k1th
and k2th of the right tree; see Figure 11. The total length
of the first path (the number of monomers which it
passes through) is (2k1 - 1)N + 2m and that of the
second path is (2k2 - 1)N/3 + 2m. These paths can have
a common part, which has a length N/3 + 2kN/3 +2m
for the case if both paths coincide (with k ≡ k1 - 1 )
k2 - 1) and the length N/3 + 2kN/3 otherwise (with k <
k1, k2 and k1 * k2). According to eq D5, the correlation
function under consideration can be written as

The function

Figure 11. Effective chain can be considered as the result of
a parallel connection of one confining virtual chain to φ - 1
chains of N/3 + n monomers.

σRR ) ∑
i

3kT

b2
∫ ds 〈(∂RiR

∂s )2〉 - NtotkT - 〈U{R}〉 +

kT

2b2
λR

∂

∂λR
(λR

2

mR
)∑

k

〈[RiR(sk) - XkR]2〉 (C16)

∂

∂λR
(λR

2

mR
) ) 0 (C17)

mR ) 1
3
m0λR

2 (C18)

kT

2b2

(x - λX R)2

m0λ2/3
+ ∑

i)1

φ-1 kT

2b2

(x - X i
cR)2

N/3 + n
)

kT

2b2

(x - X cR)2

n
+ const (D1)

1
n

) 3
m0λ2

+ φ - 1
N/3 + n

(D2)

X cR ) [1 - z(φ - 1)]λX R + z ∑
i ) 1

φ-1

X i
cR

(D3)
z ) n/(N/3 + n)

X i1...ik-1

cR ) [1 - z(φ - 1)]λX i1...ik-1

R + z∑
ik)1

φ-1

X i1...ik

cR (D4)

X cR ) λ[1 - z(φ - 1)] ∑
k)1

∞

zk-1 ∑
i1...ik

X i1...ik

R (D5)

X cL ) λ[1 - z(φ - 1)] ∑
k)1

∞

zk-1 ∑
i

X i1...ik

L (D6)

(X cR - X cL)2 )
λ2[1 - z(φ - 1)]2∑

k1k2

z2k1+2k2-2N(k1, k2)C(k1, k2) (D7)
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is equal to b2 times the length of the common path and
N(k1, k2) is the total number of the pair of paths which
begin and end at k1th and k2th generations. The problem
can be further simplified if we perform preliminary
summation of contributions of two branches that are not
common for both paths. Each of these branches gives
the factor

Performing the remaining summation over k, we find

This expression for the correlation function can be
rewritten using m0 ) 3mR/λR

2 from eq 27 and NR
0 ) N/3.

From eq D3 rewritten as

we find

and also

Combining eq D2 in the form

with eq D13, one can write

Substituting this expression into the correlation func-
tion (eq D11), we obtain

This correlation function can be substituted into the
expression for the elastic stress (eq 30)

The last step is the substitution of eq D14 into eq D18

The exact expression for the elastic free energy density
Fcj

el of the constrained-junction model is obtained by
integrating eq 25 with the stress given by eq D19:
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